Ch 9.2 population proportions.notebook

IR st about a Population Proportion

STATE: What hypotheses do you want to test, and at what significance level?
Define any parameters you use.

PLAN: Choose the appropriate inference method. Check conditions.
DO: If the conditions are met, perform calculations.

+ Compute the test statistic.

+ Find the P-value.

CONCLUDE: Make a decision about the hypotheses in the context of the
problem.

» The conditions for performing a significance test of Ho: o = o are:
« Random: The data were produced by a well-designed random sample or
randomized experiment.
 10%: When sampling without replacement, check that the
population is at least 10 times as large as the sample.
« Large Counts: The sample is large enough to satisfy npp = 10 and n(1 —
po) = 10 (that is, the expected counts of successes and failures are both
at least 10).

© The one-sample z test for a population proportion is based on the test
statistic

with P-values calculated from the standard Normal distribution.

 Follow the four-step process when you are asked to carry out a significance
test:
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the parameter value specified by the null hypathesis (sometimes called pg)

DEFINITION: Test statistic

Atest statistic measures how far a sample statistic diverges from what we would
expect if the null hypothesis #g were true, in standardized units. That is,

statistic — parameter

test staistic = < tandard deviation of statistc

p(l—p)

mean g5 =p and standard deviation o = =

)
po(1 = po)

n

AP EXAM TIP If you are asked to carry out a significance test on the AP exam

but no significance level is given, we recommend using a = 0.05.
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SEUEER I One Potato, Two Potato &
Performing a significance test about p

The potato-chip producer of Section 9.1 has just received a truckload of potatoes
from its main supplier. Recall that if the producer finds convincing evidence that more
than 8% of the potatoes in the shipment have blemishes, the truck will be sent
away to get another load from the supplier. A supervisor selects a random sample of
500 potatoes from the truck. An inspection reveals that 47 of the potatoes have
blemishes. Carry out a significance test at the g = 0.05 significance level. What
should the producer conclude?

STATE: We want to perform a test of
Ho:p = 0.08
Hip > 008

where p is the actual propartion of potatoes in this shipment with blemishes. Wel
use an a = 0.05 significance level.

PLAN: If conditions are met, we should do a one-sample z test for the population
proportion p.

* Randem: The supervisor took a random sample of 500 potatoes from the
shipment.

© 10%: It seems reasonable to assume that there are at least 10(500) =
5000 potatoes in the shipment.

* Large Counts: Assuming Ho: p = 0.08 is true, the expected counts of blemished
and unblemished potatoes are np, = 500(0.08) = 40 and n(1 — pg) =
500(0.92) = 460, respectively. Because both of these values are at least 10,
we should be safe doing Normal calculations.
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SELEEA Nonsmokers &

A two-sided test

[ According to the Centers for Disease Control and Prevention (CDC) Web site, 50% of
high school students have never smoked a Gigarette. Taeyeon wonders whether this|
national result holds true in his large, rban high school. For his AP Statistics class
project, Taeyeon surveys an SRS of 150 students from his school. He gets responses|
from all 150 students, and 90 say that they have never smoked a cigaratte. What
should Taeyeon condlude? Give appropriate evidence to sUppOrt your answer

A
STATE: We want to perform a significance test using the hypotheses
Ho:p=050
Hip# 050

where p = the proportion of all students in Taeyeon's school who would say they
have never smoked cigarettes. Because no significance level was stated, we will use

PLAN: If conditions are met, el do a one-sample Z test for the population
proportion p.

« Random: Taeyeon surveyed an SRS of 150 students from his school.

© 10%; It seems reasonable to assume that there are at least 10(150) =
1500 students in a large high school.

+ Large Counts: Assuming Ho: p = 0.50 i true, the expected counts of smokers
and nonsmokers in the sample are ndo = 150(0.50) = 75 and n (1 = pg) =
150(0.50) = 75. Because both of these values are atleast 10, we should be
safe doing Normal calculatons.

DO: The sample proportion is f = 90/150 = 0.60.

o Test satistc

P=p 060-050 _

—L - ————— =245
[Mi-p [oso050]
n 150

« Pvalue Figure 9.8 displays the P-value as an area under the standard Normal
curve for this two-sided test. To compute this P-value, we find the area in one
tail and double it. Table A gives P (z 2 2.45) = 0.0071 (the right-tail area). So
the desired -value is 2(0.0071) = 0.0142.
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DO: The sample propartion of blemished potatoes is f = 47/500 = 0.094

P—po 0.094 — 0.08

1=———=————=115
[pol1 = po) [0.08(0.92)
® Test statistic n 500

« P-yalue Figure 9.6 displays the P-value as an area under the standard Normal
curve for this one-sided test. Table A gives the P-value as P (Z < 1.15) = 1 —
0.8749 =0.1251.

Figure 9.6 The P-valus for the one-sidad tast.

® Using Th nd r 11.15, upper:1000 0, p:0, o:1)
also gives a P-value of 0.1251.

CONCLUDE: Because our P-value, 0.1251, is greater than g = 0.05, we fail to reject
Ho. There is not convincing evidence that the shipment contains more than 8%
blemished potatoes. As a result, the producer will use this truckload of potatoes to
make potato chips.
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7= po 060 —050 _

E = =245
[l —p)  [050(050)
" 150

* P-vaiue Figure 9.8 displays the P-value as an area under the standard Normal
curve for this two-sided test. To compute this P-value, we find the area in one
tail and double it. Table A gives P (z 2 2.45) = 0.0071 (the right-tail area). So
the desired P-value is 2(0.0071) = 0.0142,

/\=

P-value = 2(0.0071)
= 0,042

z=w245 ze24s

Figure 0.8 The P-valus for the two-sided test.

.448 and P-value = 0.0143.

Using technology: The calculator’s 1-PropZTest gives z =

CONCLUDE: Because our P-value, 0.0143, is less than a = 0.05, we reject Hg. We
have cenvincing evidence that the proportion of all students at Taeyeon's school
who would say they have never smoked differs from the national result of 0.50.
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Ex3) On TV shows like American Idol, contestants often wonder if there an
advantage in last. To i igate, selected a random
sample of 600 college students and showed each student the audition video
of 12 different singers. For each student, the videos were shown in random
order. So we would expect approximately 1/12 of the students to prefer the
last singer they view, assuming the order doesn't matter. In this study 59 of
the 600 students preferred the last singer they viewed. Does this data
provide convincing evidence at the 5% significance level that there is an
advantage to going last?

STATE: We want to test the following hypothesis at .05 level:

Hep=1/12 Hi:p>1/12

where p = the true proportion of students who prefer the last singer they
see.

PLAN: If conditions are met, we will perform a 1 sample z test for p:
1. Random: A random sample of students was selected and the order which
videos were viewed were random.
2. 10%: 10(600) = 6,000 students < all college students
3. Large Counts: np, = 600(1/12] 0 >10 and
n(1-p,) = 600(11/12)= 550 = 10

DO: The sample proportion of fans who preferred the last contest:
= 59/600 = .01

Test statistic: z

008083 4y 05
.0836317 look up|.95 h
61

20
213

P-value look up on the table that corresponds with 1.33 =
1-.9082=.0918

CONCLUSION: Because the P-value of .0918 is greater than a=.05, we will
fail to reject the null hypothesis. There is not convincing evidence that the
true proportion of students who prefer the final singer is greater than 1/12
That is, there is not convincing evidence if an advantage to performing last.
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/CHECK YOUR UNDERSTANDING

According to the National Institute for Occupational Safety and Health, job stress
poses a major threat to the health of workers. A news report claims that 75% of
restaurant employees feel that work stress has a negative impact on their personal
lives.® Managers of a large restaurant chain wonder whether this claim is valid for their
employees. A random sample of 100 employees finds that 68 answer "Yes” when
asked, "Does work stress have a negative impact on your personal life?” Is this good
reason to think that the proportion of all employees in this chain who would say "Yes”
differs from 0.757 Support your answer with a significance test.

S: Hgip = 0.75 versus Hy:p = 0.75, where p is the true proportion of all restaurant
employees at this chain who would say that work stress has a negative impact on
their personal lives. P: One-sample z test for p. Randem: Random sample. 10%: The
sample size (100) < 10% of all employees. Large Counts: 100(0.75) = 75 > 10 and
100(0.25) = 25 2 10.

= — 162 and 2P(Z =— 1.62) = 0.1052. C:

Because the P-value of 0.1052 > g = 0.05, we fail to reject Hp. We do not have
convincing evidence that the true proportion of all restaurant employees at this large
restaurant chain who would say that work stress has a negative impact on their
personal lives is different from 0.75.
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‘Why Confidence Intervals Give More Information

The result of a significance test is basically a decision to reject H, or fail to reject
H,. When we reject H,, we're left wondering what the actual proportion p might
be. A confidence interval might shed some light on this issue.

Example 5: Taylor found that 90 of an SRS of 150 students said that they had
never smoked a cigarette. We checked the conditions for performing the
significance test earlier. Before we construct a confidence interval for the
population proportion p, we should check that both are at least 10.

*In CI you usef)‘ not po
for standard deviation.

prz (PP gg04196 ,‘% =0.60+0.078 = (0.522,0.678)

n

‘Our 95% confidence interval is:

We are 95% confident that the interval from 0.522 to 0.678 captures the tr
proportion of students at Taylor’s high school who would say that they ha
never smoked a cigarette.

The confidence interval in this example is much more informative than the significance test
we performed earlier. The interval gives the values of p that are consistent with the sample
data. We would not be surprised if the true proportion of students at Taylor’s school who
would say they have never smoked cigarettes was as low as 52.2% or as high as 67.8%.
However, we would be surprised if the true proportion was 0.50 because this value is not
contained in the confidence interval. The figure below gives computer output from
Minitab software that includes both the results of the significance test and the confidence
interval.

Test and CI for One Proportion
Test of p = 0.5 vs p ot = 0.5

Semple X M Sample p 954 CI s B-Value
1 90 150 0.600000 (0.521601, 0.678399) 2.45  0.014

Reject Ho because the p-value of 0.014 < alpha .05 therefor 50% of the students
haven't smoked.

Confidence interval doesn't contain the population proportion of .50. Then it not
plausible for the population proportion to be contained in the interval of (.521, .678)
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CHECK YOUR UNDERSTANDING

The figure below shows Minitab output from a significance test and confidence interval
for the restaurant worker data in the previous Check Your Understanding (page 563).
Explain how the confidence interval is consistent with, but gives more information
than, the test.

Correct Answer

The confidence interval given in the output indudes 0.75, which means that 0.75 is a
plausible value for the population proportion that we are seeking. So both the
significance test (which didn't rule out 0.75 as the proportion) and the cenfidence
interval give the same conclusion. The confidence interval, however, gives a range of
plausible values for the population proportion instead of only making a decision about
a single value.

Confidence Intervals and Two-Sided Tests

There is a link between confidence intervals and two-sided tests. The 95%
confidence interval gives an approximate range of p,’s that would not be rejected
by a two-sided test at the & = 0.05 significance level. The link isn’t perfect
because the standard error used for the confidence interval is based on the
sample proportion, while the denominator of the test statistic is based on the
value p, from the null hypothesis.

‘When using a confidence interval to decide whether to reject or fail to reject
the null hypothesis:

Reject H, when the null parameter is NOT included in the interval.

Fail to reject H, when the null parameter IS included in the interval.
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IR vv- 1 crror and the Power of a Test

DEFINITION: Power
. 2. The germination rate of seeds is defined as the proportion of seeds that, when properly planted and
reject Hp at a chosen significance level s when the specified alternative value of the watered, sprout and grow. A certain variety of grass seed usually has a germination rate of 0.80, and
R ARG a company wants to see if spraying the seeds with a chemical that is known to change germination
rates in other species will change the germination rate of this grass species.

Power - is the probability you reject Ho when it is really false
or Probability of not committing a type Il error. (a) Suppose the company plans to spray a random sample of 400 seeds and conduct a two-sided test
of Hy;p = 0.8, using a=0.05. They determine that the power of this test against the alternative

RBejection region for H.: p=0.75 is 0.69. Explain what this means in the context of the problem.
Type | you reject/false

when it's true.

Type |l error/say it's True, wi
when it's false. B

0=.01
*As a gets larger the Power gets larger 2. ANS:
because your more likely to reject. A. Power =0.69 measures the probability of correctly rejecting the null hypothesis and concluding
that the true proportion of seeds that germinate is different from 0.8 when it is actually 0.75. B.
o There iis an important link between the probabilities of Type I and Type II error Increase power bv increasing the samvle size or increasing the significance level. C.

in a sianificance test: as one increases. the other decreases.

® We can increase the power of a significance test by increasing the sample size,
increasing the significance level, or increasing the difference that is important to
detect between the null and altemative parameter values.

Ex1) A drug manufacturer claims less than 10% of patients who take its drug
experience nausea. The test has a power of .54 to detect that p =.07, what does this
mean? Hoip=.10 Hap<.10

If the true proportion of patients experience nausea is really .07, there is a .54
probability that the results of the study would provide convincing evidence the true
proportion is < .10.
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Refer back to the Potato chip problem

2. Tell if each of the following would increase or decrease the power of the
test. Justify your answers. L
Ho: p =.08

(a) Change the significance level to ¢ = 0.10. Ha: p >.08
[ Hide Answer ]

(b) Take a random sample of 250 potatoes instead of 500 potatoes.

(c) Insist on being able to detect that p = 0.10 instead of p = 0.11.
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